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Abstract- Rice's internal variable theory including a micro-to-macro transition is employed to
formulate a micromechanical, two-dimensional damage model of brittle deformation in
compression. The sliding crack model is selected as a basic dissipative mechanism underlying
macroscopic inelastic deformation. Microfluxes and conjugated thermodynamic forces are identified
and incremental stress-strain relations are deriwd in loading and unloading. Comparison with the
model of Nemat-Nasser and Obata (Nemat-Nasser, S. and Obata, M. (1988) A microcrack model
of dilatancy in brittle materials. Joul'Ilal of App/led lvfechanics 55, 24--35, in which the sliding crack
mechanism was analyzed from a kinematic point of view, is presented. An illustrative example is
worked out showing the capability of the present model to predict experimentally observed response
of a compact rock.!, 1997 Elsevier Science Ltd

I. INTRODUCTION

Heterogeneous brittle materials such as polycrystalline rocks and ceramics exhibit a very
complex and nonlinear overall response when subjected to compressive loads, The most
characteristic features observed in the deformation process of low-porosity rocks include
(cf. Brace et al. 1966; Peng and Johnson, 1972; Zoback and Byerlee, 1975):

• threshold-type deviation from a linear elastic behavior accompanied by a gradual
degradation of elastic constants,

• strong influence of confining pressures on the ultimate strength and failure modes
(splitting, faulting, brittle-ductile transition),

• positive dilatancy, i.e., nonlinear volume increase due to opening of axial cracks (an
initial concave shape of the stress-strain curve is commonly attributed to the closure of
some preexisting pores and cracks),

• load-induced anisotropy ensuing from a directional process of microcrack evolution,
• hysteresis loops observed in the stress--strain curves in a loading-unloading-reloading

cycle,
• pronounced permanent volumetric strain after complete unloading; little permanent

strain in the direction of maximum compression (axial),
• strain softening regime beyond the peak in the stress -strain curves in strain-controlled

tests.

On the basis of microscopic studies, several possible cracking mechanisms were ident­
ified to be responsible for the inelastic behavior and failure of rocks in compression (Kemeny
and Cook, 1991). Among these mechanisms, two were given special attention in the relevant
literature: (I) axial tensile microcracks emanating from pores, cavities, and/or inclusions
that serve as stress concentrators for local splitting stresses (Sammis and Ashby, 1986), (2)
frictional sliding on preexisting closed flaws coupled with an out-of-plane growth of sec­
ondary tension cracks (Horii and Nemat-Nasser, 1985). The sliding crack model with
cohesive and frictional resistance seems to capture most of the above listed characteristics
of the pre-peak response of rocks under compressive stresses. Apparently, it is for this
versatility that the sliding crack mechanism. originated by Brace and Bombolakis (1963),
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was so widely used in rock mechanics (see, for example, Scholz and Kranz, 1974; Brace et
al., 1966; Zoback and Byerlee, 1975; Nemat-Nasser and Horii, 1982; Horii and Nemat­
Nasser, 1985, 1986), and damage mechanics (Kachanov, 1982, 1993; Moss and Gupta,
1982; Ashby and Hallam, 1986, Nemat-Nasser and Obata, 1988; Deng and Nemat-Nasser,
1994; Sadowski, 1994). However, there is a continuing debate in the open literature whether
the sliding crack mechanism actually appears in real brittle materials. It has been argue:d
by some authors that SEM observations do not support the existence ofwinged microcracks,
but seem to favor a complex configuration of tensile microcracks propagating from different
sources. On the other hand, recent data from acoustic emission tests do indicate that both
tensile and shear events occur during brittle rock deformation (Lockner, 1993; Zhang et
al., 1996). In our opinion, for compact and relatively homogeneous rocks such as granite,
the sliding crack mechanism should be considered as, at least, one of the major mic­
romechanisms of inelastic deformation. It is clear, though, that more sophisticated exper­
imental techniques and the problem-oriented experimental programs are still necessary to
resolve this controversy.

A majority of micromechanical damage models follow a kinematic algorithm for the
computation of inelastic strains. A common assumption is made in these models that
straight slits or penny-shaped cracks grow in a self-similar manner. The inelastic part of
the strain tensor e' is typically written in terms of a dyadic product of the displacement
jump vector b (COOs), and the vector n normal to the crack surface:

(JI)

Here Vo is the volume of a statistically representative sample of material in unloaded
reference state, and A(k) denotes the area of k ..th crack. In a two-dimensional case, Vo and
A(k) should be replaced by the area of a representative surface element A o and the length of
a crack 21(k)' respectively. Since COOs are linear functions of stresses, e' defined in eqn (ll)
can also be represented using the inelastic secant (effective) compliance tensor as e' = S': (i.

The microcrack interaction effects are either ignored (Taylor model) or accounted for in a
simplified manner through one of the effective medium techniques. For example, within the
context of the self-consistent method, we have to determine the crack opening displacements
b of an isolated crack embedded in effective anisotropic matrix of as yet unknown elastic
moduli. Closed-form solutions for the COOs are available in the literature for open straight
(or penny-shaped) cracks under Mode I or mixed Illl Mode conditions in an homogeneous
anisotropic elastic solid. These solutions involve the roots of the characteristic equation
which follows from the geometric compatibility condition (for details, see ]u, 1991). As a
direct consequence of the self-consistency, an iterative scheme is required to determine
damage-related components of the compliance tensor. The same procedure can be extended
to closed microcracks under Mode II frictional sliding (Nemat-Nasser and Horii, 1983;
Sumarac and Krajcinovic, 1987).

On the other hand, Nemat-Nasser and Obata (1988) presented a rigorous 20 mic­
romechanical constitutive model for brittle materials under compression, in which the
restrictive assumption of a self-similar crack evolution was relaxed. These authors incor­
porated the sliding crack mechanism as a main building block of their model. On the basis
of (1), they derived complete nonlinear stress-strain relations in loading and unloading
regimes. The preexisting crack was endowed with frictional and cohesive resistano~.

However, the microcrack interaction and, therefore, the final failure was not considered.
In this paper, we shall re-examine the sliding crack mechanism from a different view­

point, namely within the general thermodynamic framework of Rice (1971, 1975) which
rests on the concept of internal variables. The basic kinematic relation (1) will not be used
for the computation of strains. Instead, increments of the macroscopic strain tensor will be
derived using the Rice micro-to-macro transition. Although macroscopic internal variables
(damage parameters) are often used in phenomenological modeling of damaged solids, a
natural combination of an internal variable formulation with micromechanics of damage
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processes has not been fully explored. At least, the sliding crack mechanism seems not to
have been analyzed this way. The primary objective here is to relate specific structural
rearrangements on the microscale (frictional sliding and/or wing cracking) to the inelastic
macroscopic deformation of the representative volume element. In other words, the forms
of the potential functions will not be just postulated but will be derived from micro­
mechanics. The emphasis will be placed on qualitative results. Consequently, it seems
justified to consider a two-dimensional model with the winged crack of a simplified
geometry. Clearly, this approach is dual to the 2D kinematic analysis by Nemat-Nasser
and Obata (1988). Therefore, a comparison of the results furnished by both models will be
presented.

2. FORMULATION

Consider an isothermal deformation process of an elastic solid such as rock weakened
by a large number of dilutely distributed initial microcracks. Assume strains to be infini­
tesimal and confining pressures to remain moderate so that typical plastic effects, observed
in brittle materials at high lateral pressures, can be neglected. Assume further that damage
develops from the preexisting defects and no new microcrack nucleation is allowed in the
course of deformation. These assumptions are pertinent to cleavage I type of deformation
in Ashby's classification (Ashby, 1979). Microcrack interactions are not examined here and
will be commented upon in Section 4. To make the analysis tractable, select a representative
initial microcrack as a single, closed rectilinear slit prof the length 2c oriented at an angle
cp, as depicted in Fig. 1. This microcrack is embedded in a two-dimensional, elastically
isotropic, homogeneous unbounded matrix loaded under plane strain conditions. The sign
convention is that of continuum mechanics, i.e., compressive stresses are viewed negative.
Moreover, it is chosen that I(TII > 1(T21. Two Cartesian coordinate systems will be used
throughout the paper: a fixed global frame of reference (XI' X2) and a local one (X 'I ,x;),
Fig. I.

The onset of macroscopic inelastic deformation in brittle rocks is typically attributed
to the activation of frictional sliding over the faces of preexisting microcrackst. During this
phase, called phase I in the sequel, the cracks retain their length 2c, thus no new internal
surfaces are created (no wings yet). The only energy dissipating mechanism is the frictional
sliding in the shearing mode. It is also assumed that the inclined preexisting crack remains
closed during the whole deformation process. Phase I is characterized by a trigger-like

~
Q'

I

-

Q

Fig. I. Sliding crack mechanism with actual and simplified geometry of tensile wing cracks.

t Nonlinear strains induced by the initial closure of pores are here neglected.
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kinetics, i.e. sliding commences when the actual shear stress acting on the crack faces
overcomes the combined resistance of friction, cohesion and that of elastic crack-restoring
forces. Once the sliding is activated, the representative crack is in Mode II loading j~)r

which only KJ[ stress intensity factor is nonzero. At some point, the elastic energy release
rate G(B) of an infinitesimal kink tip will reach a critical value in a plane at an angle B, to

the original crack. The critical value of G corresponds to the critical value of the tensile
hoop stress (Jell in the vicinity of the crack tip. Regardless of interpretation, the original
crack will abruptly sprout a curvilinear wing (kink) crack at each tip at B, = 70S" Fig. I.
According to the linear fracture mechanics solution, the crack tip will follow a path j~)r

which K) = max, or equivalently, KII = O. After a short initial curving, the wings will align
themselves with the direction of maximum principal compression (J1 and become rather
straight. The exact trajectory of the wing tip can be determined by maximizing (JIIO with
respect to B. In this phase, called phase 2, the inelastic strains result from the coupled effects
of frictional sliding along PP' and opening of the wings cracks PQ and P'Q'. In what
follows, we shall derive the stress-strain relations for each phase separately. But before we
do this, it is advisable to interpret the Rice theory in the context of the sliding crack
mechanism.

2.1. Rice's framework in case offrictional cracks
The envisaged constitutive model will be formulated within the thermodynamic frame­

work with internal variables as developed in Kestin and Rice (1970), Rice (197L 1975),
Hill and Rice (1973). To keep the analysis self-contained, the essential structure of this
theory is briefly described in Appendix I. Here, we recall only the fundamental Rice
transition relation that provides a recipe how to compute macroscopic inelastic strain from
its microstructural origins, namely

(2)

where j~ = f,(u, H) is a set of thermodynamic forces conjugated to the internal variables c:"
u is the tensor of applied stresses, H (for history) represents symbolically the current
collection of values of~" Va denotes the volume of a representative volume element
(RYE). The summation in (2) extends over all sites of the RYE where the microstructural
rearrangements take place.

Clearly, the basic prerequisite of Rice's internal variable approach, stating that material
response be purely elastic when internal variables are held constant, is satisfied for frictional
cracks as well. No energy is dissipated if the slip displacements and the wing crack lengths
are fixed through appropriate constraints. Therefore, if the total strain increment is decom­
posed as

ds = d's+d'e ,= M:du+d'e, (3)

then its inelastic part is derivable from (2). The instantaneous compliance tensor M iikl is
given by

(4)

so that M Ukl is symmetric on interchange of ij and kl (diagonal symmetry). In the case of
open cracks, M = S, where S is the secant (effective) compliance, being in fact the unloading
compliance. Consequently, the specific complementary energy for an elastic solid weakened
by open cracks can be defined as
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Fig. 2. Schematic (IT -E) curve in a loading-unloading cycle of a compact rock specimen in uniaxial
compression. Indicated are: initial compliance M? " instantaneous compliance M" (at fixed H),

secant compliance 511 • and actual unloading path.

1 -l/J (Dpen cnlcks) = 2. t1 : S : (J,
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(5)

with the secant compliance preserving its diagonal symmetry. However, it is a common
knowledge that for Mode Ilfrictional sliding the secant compliance matrix is non-symmetric
(e.g., Ju, 1991, Kachanov, 1993), and hence the elastic potential defined in (5) does not
exist. In this case, the secant compliance is not the unloading compliance due to frictional
effects. In Fig. 2, we indicate the initial elastic compliance M? 1, the secant (non-symmetric)
effective compliance SII, the unloading path with backsliding, and the instantaneous (sym­
metric) compliance Mil given by (4). In conclusion, all basic relations of the Rice ther­
modynamic framework remain valid for an elastic body with frictional cracks. The only
difference is that the instantaneous compliance M is not the secant compliance anymore.
At this stage of analysis, it is just an auxiliary concept ensuing from the adopted theory. It
will be shown later that M can unambiguously be expressed in terms of MO and the wing
crack length 1.

2.2. Inelastic deformation
Phase 1 (db> 0,1 = 0, dl = 0). From the superposition principle, Fig. 3a, and from

the elementary equilibrium on the initial crack plane, it follows that

where

'cjj2c+2Fe' = 0 and (6)

(7)

In eqns (6) and (7), 0"11,,/12 are the normal and shear stresses actually acting on PP',
a'; I , ,'; 2 are the resolved normal and shear stresses on that plane, Fel is as yet undetermined
elastic crack-closing force acting as to reverse the sliding displacement.

Frictional contact on PP' is of the Mohr-Coulomb type, i.e., ,; 2 and 0"11 are related
through a simple law (yield condition)

(8)

where 'c is the cohesion and J1 the coefficient of dry friction. Both quantities are in fact not
constants but some functions of the slip displacement b(x;), thus they depend on the
loading program. However, having in mind that the proposed constitutive theory is more



492 M. Basista and D. Gross

~ ~ 0", ~ ~ 0",

O"z O"z
r;2 -r~;'7P' r;; /

- rr.' / + = fyall 11//"

p

(a)

~ ~ 0", ~ ~ 0",

0"2

'r:
0"2 I--. --. :az

' ~-"'/'1;)
f l2 -f'2

all - oj!/,' + = fq]

P (--. --. I
I -a2

Q : 0'2

(b)
Fig. 3. Superposition of stresses: (a) phase 1, (b) phase 2.

of a qualitative character, and the variations of 'c and If. are anyhow rather poorly docu­
mented, it is assumed that 'c and If. are positive constants throughout. If appropriate
relations determining 'c and If. are available, they can easily be incorporated in the present
framework.

Anticipating that thermodynamic forces will further be differentiated with respect to
the applied stress tensor (Jij' it is essential to put all three stress components (J I l> (J zz, '12 in
the expression for the resolved stresses in the local coordinate system (x'[, x;), even though
'IZ is actually zero. Therefore, we have

(9)

where (Jll> (JZZ, 'IZ are all negative. The effective shear stress that drives the frictional slip on
pr can now be expressed as

(10)

Note that, according to (7), 'eff is the shear stress along the preexisting crack as it results
from the superposition principle, Fig. 3. It is negative in the local coordinate system
(x~, x;) when forward sliding is activated. The average (relative) slip fj of the points on pr
is equal to the average Mode II crack opening displacement induced by ( - 'eft). Hence,

-_~fc -'ejf{1- vn (2~ ' __ n:C'e[f(l-v~)
b - 2c Eve X Z dx 2 - E '

-c 0 0

(11 )

where Eo is the Young modulus and Vo the Poisson ratio of the matrix material. From (6)
and (II) it follows that the elastic crack-restoring force equals
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The yield condition (8) can now be rewritten as
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(12)

We shall refer to (13) as the sliding activation equation (or yield condition) in phase 1. A
similar equation was used in Moss and Gupta (1982) for some particular representation of
the winged crack configuration. In their analysis, phase 1 was not considered. It can be
seen that (13) predicts the onset of sliding when 'eff = O.

The next step in our analysis is to determine the complementary energy for the
representative surface element containing a crack that undergoes frictional sliding.
Formally, the specific complementary energy can be decomposed as

(14)

where: ljJo (0') = ~ (Ji/MZkl(Jkl, and MZkl is the elastic compliance tensor of the matrix material.
The inelastic part of the specific complementary energy due to frictional sliding is equal to
the area average of the work done by the actual shear tractions along PP' on the slip
displacements:

(15)

If b(x;) = b = const. then in view of (7) and (11), expression (15) takes the form

(16)

Note that "12 in (16) is a function of both the applied stress and the slip displacement.
Having determined !iljJ we can compute the inelastic change of ljJ :

(17)

From (17) and (A.5) in Appendix I, it is straightforward to identify the microflux and the
conjugate force:

(18)

Rice (1971) proved that the normality rule holds in macroscopic constitutive laws
when the rate of change of each internal variable depends on the external stresses only via
its own conjugated thermodynamic force. Rephrased for the time-independent case, this
statement means that the yield condition for ath internal variable is expressed only in terms
of the conjugated force f., with the yield limits depending on H (Hill and Rice, 1973). Let
us interpret these statements in the case of frictional sliding along crack faces. Evidently,
the increment of frictional slip db is governed by the increment of net shear stress 'eii which
is different from the conjugated thermodynamic stress ,'12, (18). In other words, the yield
condition (13) is not expressible in terms of 1"12 and b alone, but it also depends on the
normal stress acting on the initial split pr. Hence, in the considered case, the normality
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property will not emerge in a macroscopic constitutive law. This analysis provides a
micromechanical explanation of the well-known fact that the normality rule is not valid for
frictional materials (e.g., Rudnicki and Rice, 1975).

By inserting the conjugate force (18) into the fundamental relation (2) and performing
the required differentiation, the increment of inelastic strain in phase I takes the following
explicit form

cos 2CPJ ­db.
sin 2cp

(19)

where: W o = Ne21Ao is the initial crack density parameter in 2D case, N is the number of
(non-interacting) cracks having the same orientation cp. Additionally, we introduce a
normalized slip and a normalized wing crack length as

b = hie, I = lie. (20)

Depending on the context, both the averaged slip h (not normalized) and its normalized
counterpart b will be used in the sequel.

To complete the analysis in phase 1, we have to relate the increment of slip displacement
to the increment of stress. This can be done from the consistency condition that assures
continuous forward sliding, i.e., by time-differentiation of the sliding activation eqn (13).

It is worth mentioning that the expression (19) is identical to (A.4) in Nemat-Nasser
and Obata (1988), obtained on the kinematic grounds.

Phase 2 (db> 0, dl > 0). In this phase, the entire sliding crack mechanism is operative.
The energy is dissipated on the frictional sliding on preexisting flaw and on the growth of
wing cracks. The exact values of the stress intensity factors (SIFs) at the tips of curvilinear
wing cracks can be obtained numerically by solving an appropriate singular integral equa­
tion (Horii and Nemat-Nasser, 1985). On the other hand, there exist numerous closed-form
approximations for the SIFs in question in the open literature; see, for example, Moss and
Gupta (1982), Zaitsev (1985). Ashby and Hallam (1986), Horii and Nemat-Nasser (1986),
Kemeny and Cook (1991). A detailed analysis of the accuracy of these approximations is
an interesting topic but beyond the scope of this paper. It should be though mentioned that
some of these estimates are not quite correct since they predict unreasonable asymptotic
crack behaviors, especially in the long-wing limit (l» I). Of all these models, we selected
the expressions in Horii and Nemat-Nasser (1986) since they provide good estimates of the
SIFs for short and long wings alike. Assume that wedging effect and slip displacement
exerts on the wings is represented by two collinear splitting forces F = - 2eT"I!' Assume
also that the curvilinear wing cracks can be approximated by straight ones whose orientation
e is yet to be determined from the maximization of K j • Then, the Kj, K II factors at Q and
Q' in the crack configuration depicted in Fig. 4a are given by

21

(a) (b) (c)
Fig. 4. (a) Representative tension crack QQ' with splitting forces. (b) Fictitious stresses 11;, and
,'; 2 producing the same maximum CaDs as the loads in Fig. 1. (c) Displacement-driven crack

model.
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(21 )

(22)

where 1* = 0.27e was introduced in Horii and Nemat-Nasser (1986) to render K1 and KII

non-singular at I = O. Horii and Nemat-Nasser's formulas, originally written for the prin­
cipal compressive stresses 0"1, 0"2, are extended here to a general two-dimensional state of
stress in view of a subsequent differentiation operation in (2).

To facilitate further analysis, the actual curvilinear wing will, from now on, be approxi­
mated by a straight opened crack growing parallel to the direction of maximum principal
compression stress 0",. This assumption is more than justified for long wings since, according
to all available experimental data, indeed 0 ---> (90' - <p) as 0" I increases. When the wings are
short, this assumption overestimates SIFs at Q and Q' leading in the extreme case (1---> 0)
to stress singularity. On the other hand, already for the wing length as small as 1= I, the
corresponding difference in K j is merely 11.3 %. As for the inelastic strains, this effect is
even less consequential since fj (to which inelastic strains are proportional) is small itself.
Finally, and most importantly, we emphasize a qualitative aspect of the present study that
warrants such a simplification.

The SIFs (21) and (22) now take the much simpler form

(23)

(24)

where F = - 2er,,!! as before.
Equilibrium equations in the cross-section QPP'Q' (Fig. 3b) and the Mohr-Coulomb

condition (8) for the relative motion of the preexisting crack faces, are now combined to
yield the sliding activation equation in phase 2:

(25)

where i,ifj,1) = F~'I(fj, 1) cos <p + F~~(fj, 1) sin <p, with F~I(fj, 1) and F~~(fj, 1) being the elastic
crack restoring forces in Mode I and II; the net shear stress re1fis determined by (10). Note
that in (25) we balanced the forces along the line of initial slit PP'. It is here tacitly assumed
that 0"'11, entering (25) through the Mohr-Coulomb condition (8), is equal to 0"'; I' In other
words, normal stress transmitted across the closed slit is taken as unaffected by the presence
of straight vertical wings.

The exact solution for F~I(fj, 1) and F~.l(fj, 1) is contingent on the availability of stress­
COD relations for the winged crack. Unfortunately, for the configuration shown in Fig.
3b, such a relation is not available in analytical form. Therefore, we have to resort to an
approximate method to determine F~>I and F~j. To this end, consider a representative straight
crack 21 in an infinite plate subject to some fictitious homogeneous stresses 0"~2 and r'{ 2, as
shown in Fig. 4b. It is postulated that iT~2 and r'{~ produce the same maximum COOs on
the representative crack as the actual loading would do on the winged crack (Fig. 1).
Therefore,
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bcosq> = 4a;~r(I-=-V6)
Eo

(26)

with arl and ,r2 marked in Fig. 4b. Hence, the last term in (25) becomes

A bEo
Fe, = (1 2) .4 -Vo

(27)

This result coincides with that of Moss and Gupta (1982) obtained from somewhat different
reasoning. Note that (27) makes the sliding activation equation (25) complete enabling the
determination of b (for, '2 = 0), namely

(28)

An alternative way to compute b was offered in Nemat-Nasser and Obata (1988). It is
based on the displacement-driven crack configuration shown in Fig. 4c. A thin rigid wedge
represents now the effect the frictional sliding exerts on the wing crack. The SIFs at the tips
Rand R' involve complete elIiptic integrals of the first and second kind, and can be found
in Tada et al. (1985, p. 5.22). Nemat-Nasser and Obata (1988) assumed that the wings are
far away from each other, so that their interaction can be neglected. Thus, two separate
kink cracks each of length I can be considered. PhysicalIy, this is a realistic model only for
very smalI kinks. In such a case, the linear elastic fracture mechanics furnishes a closed­
form solution for the SIFs:

- Eo b cos q> Pdl
K,(b,l,a) =-~2 ;-+a22 2'

1-- Vo 2y' 2nl

- Eo bsin q> Pdl
KII(b, l,a) = - ~--:; r-- +'12 -2'

I-vii 2y' 2nl
(29)

Nemat-Nasser and Obata (1988) suggested that when the entire sliding crack mechanism
is activated, the displacement-driven K" given by (29) should be equivalent to the force­
driven K, (23). This duality can be used for the determination of b:

(30)

It can be seen that (30) and (28) exhibit the same functional dependence on 'eft> a2 and rto
within some constants.

The inelastic portion of the specific complementary energy in phase 2 can be written
as

f..1/J(u,H) = A
2e fb "12 (u,b)db+ ~ ft G(u,l)dl.

oJo AoJo
(31)

Here, "12 is to be computed balancing the forces and act in the cross section QPP'Q' (the
last element of the superposition diagram in Fig. 3b). This is done using (25) in which we
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substitute (7) for TefJ· The elastic energy release rate G equals (1- V6)(Ki + Kil)/Eo, with K]
and KII given by (23) and (24). The inelastic change of t/!(G, If) is

where the factor 2 in the last term accounts for two crack tips. From (31) and (32), the
thermodynamic forces conjugate to db and dl are

(34)

According to Rice (1975, 1978), for Griffith cracks without forking or branching, the
thermodynamic crack tip extension force per unit length is (G - 2"(). The term 2}' is the
work of reversible separation of the fracturing surfaces. However, in the reality the surface
free energy}' is practically not recoverable. Consequently, y has been dropped in the
expression for};, in (34). Whether or not y = eonst. is included inf2 has no consequence on
the computation of the strain.

After some computational effort, the inelastic part of a strain increment is derived to
be

i N (afl - Of2) [- sin 2<p cos 2<PJ -
d 81} = - ~db+2-:l-dl = Wo db

A o o(J,j O(Jij cos 2<p sin 2<p

[
0

+wo
-sm<p

- sin <pJ (- - ~(l- V6) .. ' -) 4nwo (1- V6) [0
ldb- E TeOdl + E

2 cos <P 0 0 0
OJ - -ldl,

(J2

(35)

where, as before, Wo = Ne2/A o.
We want to stress the point that certain caution is advisable when differentiating the

conjugate forces with respect to the applied stress in (35). This differentiation is to be
carried out at fixed H, i.e., at Eand 7held constant. In the present model, the effect of
frictional sliding along PP' is represented by the action of two collinear splitting forces F.
Once the internal variables Eand 7are frozen, so are the splitting forces F. Therefore, the
physical law (8) or its extended version (10), defining the effective shear stress in terms of
the applied stresses, should not be substituted in the expressions for the SIFs (23), (24)
prior to the differentiation operation in (35). Otherwise, an incorrect solution for the
inelastic strains may follow, as in Kemeny and Cook (1991). This issue is further elaborated
in Appendix 2.

It is interesting to compare our result (35) with the corresponding expression in Nemat­
Nasser and Obata (1988), obtained from kinematic considerations. Their formula (2.15),
when specified for long wings (de = 0) and rewritten in a comparable form, reads

[
-Sin2<P COS2<PJ - [0

di
8ij = Wo db+wo

cos 2<p sin 2<p - sin <P
-sin <PJWdE+Edl)
2 cos <P -

+ 2nwo(1- V6) [0
Eo 0

OJ - -I d/.
(J2

(36)

First of all, we notice that the general structure of either solution is very similar. However,
a closer look reveals certain differences. The first terms in (35) and (36) are the same. The
last term in (35) is twice as large as the last term in (36). This difference can easily be
explained if one notices that a single crack having a total length 27 (present model) responds
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(a) (b)
Fig. 5. (a) Graphical representation of the inelm:tic strain increment in (36) involving « I /2)b di)
term. (b) Additional normal and shear strain increments as in (35) resulting from the force-driven

model.

differently to applied loads than two separate wing cracks each of length 1(Nemat-Nasser
and Obata's model), see Appendix 3.2. This difference appears in the elastic (cf. Section
2.3) and inelastic strains alike. Comparison of the second term in (35) with the cor­
responding term in (36) needs a somewhat extended comment. To this end, we have to
express 'ell as a function of b from (28) or (30). For example, if (30) is used, the term in
question becomes

(37)

It is seen that in comparison with (36), the expression (37) contains an extra term that
is proportional to a)d1. This can be explained as follows. If b is held constant while crack
length changes by dl, then in the kinematic model of Nemat-Nasser and Obata the inelastic
part of the strain increment is just proportional to bdl. In our stress-driven model (Fig. 5),
there are additional normal and shear inelastic strain increments, induced by that part of
the concentrated force F which depends on 1.

This first term in the first parenthesis of (37) accounts for the influence of the wing
presence on the amount of strain induced by frictional sliding along preexisting cracks.
This term differs by a factor of 2 from the corresponding term in (36). However, Nemat­
Nasser and Obata's result, obtained for two separate (displacement driven) wing cracks, is
strictly valid only in the short wing limit, and will be larger as the wings keep growing. In
the present analysis, no particular model has been introduced yet for the computation of
the sliding related strains. The examined term was obtained from the equilibrium of the
winged crack and the fundamental relation (2). Finally, the factor ,/2 accompanying bdl
in (37) is due to different predictions of strains furnished by F-driven vs ,i)-driven model.
This issue is discussed in detail in Appendices 3.1 and 3.2.

To obtain the (dai/-dB,) relation, it remains yet to express kinematic quantities b, 1
and db, dl in (35) in terms of au and da ij . This has already been done for b in (28) or,
alternatively, in (30). The other equation, relating 1to ail' is provided by the Griffith crack
instability condition. It is assumed that a long wing crack is subjected to pure Mode I
conditions. Consequently, the crack instability condition is
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Hence, the normalized crack length computed from (38) and (23) is
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(38)

(39)

2.3. Elastic strains
The description ofdeformation in loading regime is now completed by the computation

of elastic strains. The elastic part of the total strain increment is defined in (3) with the
instantaneous compliance given by (4).

In phase 1, the Gibbs potential is expressed by (14) and (16). Hence, after differentiating
IjJ twice with respect to a, it follows that

(40)

This result means that friction on preexisting cracks ofa fixed length (2c) does not change the
instantaneous compliance if the friction coefficient remains constant during deformation.

In phase 2, the Gibbs potential is expressed by (14) and (31). Inserting the formulas
for the F-driven SIFs (23), (24) into (31), and carrying out the differentiation in (4), we
obtain

o I - v6 2NII i? 2 2
M Ukl = Mijk{+~E -A ~-.-a--(K[ +KII)dl

o 0 0 ca'i akl

If the same computation is repeated using the f)-driven SIFs (29), factor 2 in front of the
square bracket in the last term of (41) vanishes. This again stems from the fact that in the
F-driven model a single crack of length 21 is considered whereas in the f)-driven model two
separate wing cracks emerge, each of the length I (Appendix 3.2).

2.4. Unloading
So far our analysis was concerned with the loading regime. Consider now unloading

by reducing the applied stresses. It should be emphasized that for sliding cracks, reduction
of applied stresses does not necessarily mean elastic unloading. The energy may locally be
dissipated on backsliding or wing growth of some cracks despite the fact that the overall
stress is actually decreasing. In the present model a winged crack is considered 'unloaded'
ifits effective shear stress changes such that dlre!!1 < o. Depending on the load path, various
situations may take place, namely:

• sliding crack mechanism is locked; this may happen when axial stress dropped but
insufficiently to initiate backsliding (or wing growth, if wings are curvilinear) while lateral
confinement remains constant,

• backsliding occurs without ,ring crack closure; this is expected when axial stress is
reduced far enough to initiate reverse sliding on a preexisting crack while lateral pressure
remains unchanged; backsliding is driven by the maximum effective shear stress accumu­
lated within the system at Ll:~ end of loading regime,

• wing crack partially closes without backsliding; it may happen, for instance, when
axial stress is held constant while lateral confinement grows but not enough to initiate
backsliding,

• wing crack partially closes with backsliding;
• wing crack grows without forward sliding; this is observed when 0"[ is held constant

while lateral confinement is reduced but not enough to trigger forward sliding; it may also
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happen when a real winged crack with curved wings is locked at (J2 held constant while
axial stress is reduced.

The cases will now be systematically interpreted within the present framework.
Locked crack (db = 0, dl = 0). There is no energy dissipation when the sliciing crack

mechanism is locked. Hence, unloading in thIS case is a purely elastic process. However, in
comparison with the initial (unstressed) state, the material is now slightly more compliant
in the lateral direction, as predicted by (41). This behavior is to be traced back to the
growth of axial wing cracks during the loading regime. Within the framework of the long­
wing model, the axial compliance remains unaffected.

Backsliding without wing crack closure (db < o,dl = 0). As soon as the applied axial
stress is reduced, the opposing forces of friction and cohesion change sign. The maximum
effective shear stress attained at the end of the loading regime is accumulated as a spring
force in a locked crack. At some instant in unloading, this force overcomes a cooperative
resistance of friction, cohesion, and the actual shear stress on PP' so that backsliding may
commence. The backsliding activation equation has the same form as the forward sliding
activation eqn (25), except for the signs of cohesive and frictional stresses. The maximum
crack restoring force F~Y is to be computed from the forward sliding activation eqn (25) at
the end of the loading process. In consequence, the onset of backsliding takes place when

where the resolved stresses L/~ 2, L'~'¥, (J/~ I, (J'W, are given by (9), whereas IW = const. follows
from the Griffith condition (38). The superscript M when assigned to a variable denotes its
maximum value recorded in the loading process.

The inelastic part of strain increment comprises only two first terms of the expression
(35) :

[
-Sin2q> COS2q>J - [0

disij = Wo db+wo
cos 2q> sin 2q> - sin q>

- sin q>J -u ­1m db
2cos q> ,

(43)

where db < 0 is obtained from (28) or (30) upon putting Lelf for backsliding. It can be
inferred from the structure of (43) that a permanent set remains after complete unloading
both in axial and lateral direction, with the latter prevailing.

Partial crack closure without backsliding (db = 0, dl < 0). In general, the condition
for crack closure is K[ = O. In the present case, the initial crack remains locked, thus the
force driven stress intensity factors (23), (24) cannot be used. It is necessary to express the
SIFs in terms of b, I and the applied stresses. This has been done in (29) where the sliding
crack mechanism was modeled as displacement-driven. Thus, the condition for crack closure
becomes

(44)

Using the maximum values of the slip and the wing length bM
, [tv! attained in loading regime

we can compute the lateral confinement necessary to initiate the wing closure. If the crack
closure process is to continue, the consistency relation K1 = 0 must be satisfied. Hence, as
the lateral pressure increases the wing crack length decreases according to

(45)

Crack closure is a non-dissipative process (crack healing is excluded). The ensuing
elastic compliance tensor M is obtained as in (41) with the only difference that K] and KII
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are now given by (29), in which [j = [jM. Hence, putting '12 = d'12 = 0, and using (45), the
strain increment in this phase becomes

(46)

which is the Nemat-Nasser and Obata's (1988) result (2.28)t, obtained from the kinematic
model.

Partial crack closure with backsliding (db < 0, df < 0). In this case, the backsliding
activation condition and the crack closure condition (44) must be simultaneously met. The
strains resulting from backsliding are inelastic, while those from wing crack closure are
elastic. Both strain increments have already been computed separately in (43) and (46).
However, the superscript M at PH in (46) has to be dropped now since the backsliding is
already activated, i.e., b is not constant anymore. The reverse slip b and its increment dll
can be computed from (28) or (30) putting Tet/modified for the backsliding circumstances.
The crack length f and its negative increment df are derivable from the crack closure
condition (44).

Wing crack growth without forward sliding (dll = 0, df > 0). This is also a macroscopic
unloading case, since 10'221 decreases. If the winged crack is locked, the displacement-driven
SIFs (29) are relevant. The derivation of d 'EU is similar to that of phase 2 without forward
sliding. Omitting the fine details, we finally have

N 8G W O [ 0d's=-2-d/=-
'} Ao 8au 2 -sin q>

-Sinq>] ~ ~ (1- V6) [0b''>f dl+-- ... 2nwo
2cosq> Eo 0

o ] ~ ~Idl, (47)
0" 22

where f and df are to be computed from the crack growth condition (38).

3. ILLUSTRATIVE EXAMPLE

In this section, we shall illustrate the capability of the developed theoretical model to
reproduce experimentally observed response of rocks under compression. For this purpose,
we selected the test data obtained by Zoback and Byerlee (1975) for Westerly granite
specimens subject to uniaxial compression. The Westerly granite is a relatively homogeneous
and nearly brittle, compact rock whose properties and mechanical behavior are thoroughly
known in rock mechanics. Thus, it seemed to be a logical choice for the comparative studies
of this section.

Since crack interactions are not included, the overall stresses and strains may fairly
well be approximated by simple area averages of the contributions of individual sliding
cracks. Assuming a finite number of specific: orientations of preexisting cracks, the average
strain increment may be computed as in Nemat-Nasser and Obata (1988), from

1 R

deu = R'~l ds;;Cq>" wo(q>,)), (48)

where R is the number of considered orientations q>,. The strain increments under the
summation sign in (48) are given by (19), (35) in loading, and (43), (46), (47) in unloading,
In the example to follow, an isotropic distribution of preexisting cracks is assumed, i.e. all
crack orientations are likely to appear. From the symmetry arguments, it further follows
that the shear strains in the global coordinate system (x b x 2) must vanish.

The following material parameters were used in computations:

tTo within a simplification introduced in their (E.4) and commented on thereafter.
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Eo = 58,000 MPa, Vo = 0.23, (Juc = -204 MPa,

fl = 0.65, C = 5 '10 4 m, K lC = 0.7 MPa~.

" = 12 MPa, Wo = 0.375, R = 90. (49)

In (49), the numerical values of Eo, vo, (Ju, were read off from the test curves in Zoback and
Byerlee (1975) ; see also Costin (1983). Note that (Juc stands here for the highest compressive
stress recorded in loading. The friction coefficient fl, the average initial crack half-length c,
and the fracture toughness K,c were estimated using the values for Westerly granite reported
in Moss and Gupta (1982), Costin (1983), Jaeger and Cook (1979), Nemat-Nasser and
Obata (1988). As was mentioned in Section 2.2, the cohesive strength " was considered
constant during the deformation process. The assigned value 12 MPa is just the arithmetic
mean between the initial cohesion '~ = 24 MPa given in Moss and Gupta (1982), and the
" = 0 (to be expected after a sufficient amount of slip displacement has been accumulated).
No experimental data were available with regard to the initial microcrack density parameter
Wo = Nc2/Ao. The selected value provided the best fit with the experimental data, and is
rather consistent with those assumed in Moss and Gupta (1982) and Nemat-Nasser and
Obata (1988).

The solid curves depicted in Fig. 6a, b represent the ((J-e) equations predicted by the
present model, while dots are the experimental results measured by Zoback and Byerlee
(1975) on cylindrical specimens in uniaxial compression. Since the initial closure of voids
was not accounted for, the computed ((J-e) curve was shifted from the original 0 by the
strain obtained from the intercept of the linear portion of the experimental curve with the
e-axis. It can be seen in Fig. 6a, b that the agreement between theoretical and experimental
results is fairly good both in loading and unloading regime, although it was not sought.
However, this agreement should be taken with caution because the experimental data are
for cylindrical specimens, whereas the model is two-dimensional. In any case, a simple
damage model presented in this paper does predict several important features of the brittle
response of granite: the overall trends in loading and unloading are well preserved, the
lateral inelastic strain is substantially larger than its axial counterpart, the permanent set
and hysteresis loops are accounted for. Note that the material parameters (49) used in the
computations are realistic and are documented in the referenced literature. Typically of
micromechanical models, the present formulation contains no fitting parameters. All the
involved parameters have clear physical meaning, although their numerical values may not
always be available in the existing literature.

4. COMMENT ON CRACK INTERACTIONS AND SOFTENING BEHAVIOR

In this section we briefly outline how the crack--crack interactions can be incorporated
into the present thermodynamic framework. The proposed algorithm is illustrated on the
example of phase 1 cracks (cf. Section 2.2). A detailed analysis of the winged crack
interactions and its subsequent embodying into the Rice formalism is the topic of current
studies and will be reported in a separate paper. Of several direct methods dealing with
crack--crack interactions (e.g. Gross, 1982; Horii and Nemat-Nasser, 1985; Benveniste et
al., 1989), the one proposed by Kachanov (1987) is chosen for its simplicity and accuracy.

Within the present framework, the crack interaction effects (amplification or shielding)
will influence the thermodynamic forces and the fluxes. In phase I it suffices to determine
the average actual shear traction (conjugate force) r'12 along the preexisting crack, and the
average slip displacement (internal variable) fj from which the inelastic strains can be
computed in a standard manner of Section 2.2. The average (actual) normal traction and
the average net shear stress (7) acting on the alh crack can be represented as follows

(50)
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Fig. 6. Analytical results (solid curves) vs experimental data (Zoback and Byerlee, 1975) for Westerly
granite in uniaxial compression: (a) axial and lateral (v-e) curves; (b) volumetric strains.

where ~(J"'ll' ~T'12 denote the additional average normal and shear stresses caused at the
site of the IXth crack in a continuous material by the other cracks (interaction terms). These
stresses can be determined assuming that the average COD vector on a given crack is
approximately proportional to the average traction vector on this crack (Kachanov, 1987)
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(sum over 13 = I, ... ,N; 13 #- 0:), (51 )

where M" = (~O'~ I, ~r~ 2)" is the additional average traction vector (at the site of the o:th
crack in a continuous material) induced by all other cracks, fill is the average displacement
discontinuity vector on the 13th crack (normalized with respect to the crack half length c1\
All" are the transmission factors (Kachanov, 1987). Once the interaction term in (SOh is
known, the thermodynamic force II = r'122c can be obtained much in the same way as
shown in Section 2.2 for non-interacting cracks. As for the slip displacement, the sliding
activation eqn (13) must be modified to become

(52)

Combining (51) and (52) and recognizing that the first term in (52) represents the net shear
stress in the case without crack interactions. we obtain the following system of linear
equations from which b" can be determined

(53)

where n, m are the unit vectors normal and tangential to the crack line, respectively.
Determination of the thermodynamic forces and fluxes in phase 2, although feasible, is far
more complicated. It requires a further extension of the Kachanov scheme to the force­
driven or displacement-driven (straight crack) models of the winged crack.

When the affinities and fluxes are defined and the kinetic equations for the fluxes are
provided, the constitutive model with the built-in crack interaction effects is completed. It
can be next used in different applications, one being the analysis of localization of defor­
mations in brittle materials. It was shown by Rudnicki and Rice (1975), Rice (1976) that
the onset of localization is very sensitive to the details of a constitutive law. Consequently,
it is expected that the crack interaction will affect the localization conditions. This issue can
be examined on the basis of the present micromechanical model once the crack interaction
effects are included. However, the phenomena beyond the localization threshold (softening
behavior) cannot be analyzed within the Rice internal variable framework. Rice's frame­
work requires that strain be macroscopically homogeneous (Rice, 1971) which is obviously
not the case in the softening regime.

5. CLOSURE

The principal objective of this paper was to explore the issue of applicability of the
Rice internal variable thermodynamic framework to the constitutive description ofdamaged
brittle solids under proportional or non-proportional compressive stresses. Special attention
was paid to the transition from structural rearrangements on the microscale to the macro­
scopic inelastic strain, when the dominant mechanism of inelastic deformation was that of
the sliding crack. The microfluxes and the conjugated forces were unambiguously identified
in loading and unloading regimes. Incremental nonlinear stress-strain relations were derived
and the kinetic equations for the slip displacement and the wing crack length were given.
It was explicitly shown in terms of micromechanics, why the normality property does not
hold in macroscopic constitutive equations for frictional materials.

The (dO'ij- deij) equations derived in this paper are very similar to those of Nemat­
Nasser and Obata (1988) obtained from the kinematic analysis. The minor differences were
traced back to the assumed simplifications in modeling. In particular, the differences
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inherent in the stress-driven vs displacement-driven model of the basic mechanism were
pointed out (Appendix 3).

The presented model is strictly valid for the long wing approximation. The short wing
limit with the initial curvilinear path of the wing tips is considered elsewhere (Basista and
Gross, submitted).

Preliminary developments indicate that the model can be extended to include strong
interaction effects of winged cracks using the method of Kachanov (1987). It was shown
on the example of straight frictional cracks that the transmission factors appear in a
straightforward manner in the internal variable framework.

The limited effort of this study left few aspects of the model stiIl open. For example,
the averaging procedure should include more realistic distributions of crack sizes and
orientations. Also, the kinked crack mechanism seems to be suitable for compact, low­
porosity crystalline rocks. Models emphasizing cracks emanating from compressed voids
may be more adequate for less-compact, sedimentary rocks of inferior strength. Thus, other
deformational mechanisms including crack interaction effects should be incorporated in
the present micro-to-macro transition framework in order to establish a reasonably general
analytical tool for analyses of rock deformation. FinaIly, the model should be extended to
a three-dimensional case.
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APPENDIX I

Consider inelastic materials that can manifest. under certain circumstances, a purely elastic response at any
instant of a deformation process. A key hypothesis of the internal variable theory, advocated in Kestin and
Rice (1970), Rice (1971, 1975), Hill and Rice (1973), is that every irreversible process of defonnation under
macroscopically homogeneous strain and temperature may be viewed as a sequence of (fictitious) constrained
equilibrium states at which internal variables are somehow frozen, so as to have the same values as at the actual
(non-equilibrium) state. Following the notation of Rice (1975), let H denote symbolically the current collection
of values of (scalar) internal variables~" ~2" .. , ~n which characterize the current microstructural state of arrange­
ment ofmaterial constituents within a representative volume element Vo. Note that H (for history) can alternatively
be interpreted as some memory functional recording those portions of deformation process during which inelastic
response occurred. Hence. if we freeze internal variables at their instantaneous values (H fixed). the standard
formalism of the equilibrium thermodynamics applies. Consequently, we can derive strain (or stress) from ,:he
thermodynamic potentials in the same way as for elastic solids. with the internal variables as parameters. i.e..

(A.I)

where cP = <DiVo is the density of the (Helmholtz) free energy. and IjJ = 'PiVo the density of the (Gibbs) comp­
lementaryenergy.

Since fracture and/or sliding criteria are intrinsically stress-controlled, it proves more convenient to proceed
with the Rice formalism in terms of the Gibbs complem(:ntary energy.

The inelastic increment of the complementary energy density under isothermal loading conditions is defined
as the change in IjJ when H changes to H +dH while t1 is assigned the same value:

d'ljJ = 1jJ(t1,H+dH)-IjJ(t1,H).

Similarly, the inelastic part of the strain increment is

(A.2)
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d'e ,= e(O", H +dH) --e(O", H).
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(A.3)

If the two neighboring inelastic states, characterized by Hand H +dH, are considered as two constrained
equilibrium states, then from (A. I), (A.2) and (A.3) for fixed Hand H +dH, it follows that

i D(d'IjJ(O", H))
d [-;ij = ---0--'

Cirri)

The inelastic change in IjJ can further be represented as

(A.4)

(A.5)

wheref, = j;(O", H) is a set of thermodynamic forces conjugate to the internal variables. Equation (A.5) provides
the definition for the thermodynamic forces. Combining (A.5) and (A.4), we arrive at the fundamental Rice's
expression relating the increments of internal variables at the microscale to the inelastic portions of strain
increments:

(A.6)

It is perhaps worth emphasizing that the only assumption underlying (A.6) was that of a purely elastic material
response (admitting the existence of thermodynamic potentiah) if the internal variables were held fixed.

The micro-to-macro transition relation (A.6) should be endowed with kinetic (evolution) equations for the
rates of change of internal variables (fluxes).

Ii, = r,(f,H)., (A.7)

where the dot denotes time differentiation. In (A.7) f is a set (collectively a vector) of all thermodynamic forces
on which an individual flux depends at a given level of microstructural rearrangement H, It can be shown that if
;, is fully determined by its own conjugated thermodynamic force '/;, then a normality structure emerges in the
macroscopic constitutive equations.

It is of some interest to mention that for elastic-brittle materials the latter property holds, i.e., a damage
macropotential exists, if two conditions are satisfied in the course of deformation (Krajcinovic el al., 1991): (I)
microcrack interaction effects are not too strong, so that the self-consistent model for damage growth may still be
usedt, (2) energy losses on friction can be neglected in comparison with the energy needed for the propagation of
cracks, Evidently, this is not case dnring the final phase of straining of rocks (splitting or localization phenomena),
or if a frictional mechanism of deformation dominates on the rnicroscale.

The kinetic equations are restricted by the second law of thermodynamics which requires that work-rate of
the conjugated forces on the internal variables must be non-negative:

(A.8)

This inequality does not necessarily imply that the macroscopic inelastic work-rate must always be positive (Rice,
1975. Lubliner, 1990).

APPENDIX 2

Kemeny and Cook (1991) derived nonlinear stress-strain relations for an elastic body with a single winged
crack, neglecting the energy loss on friction, These authors considered the long wing approximation with the
K, = KJC condition for the crack growth, Their equation (15) for K, is identical to (23) of this paper. Furthermore,
they used the Castigliano theorem, i,e. essentially the same numerical operation, to compute inelastic strains due
to Mode I crack propagation.

Equation (39) in Kemeny and Cook (1991) gives the inelastic strain in the axial direction as:

0' _ 8wo cos q>(sin (f cos q> - /l co~' q» [2r,qCOs q> I - ,- ]
,,' - nl-a,( -I) .

Eo IT
(A.9)

This result is incorrect, because there is no inelastic strain in x, direction if we have a pure Mode I crack growing
parallel to "" Fig. 4a. A closer analysis of their computations revealed the following sequence of events that had
led to (A.9). [n the expression (23) (of this paper), the physical law specifying the concentrated force F, i.e.,

(A.IO)

was introduced. The Gibbs potential was next built as

t An assumption of the self-consistent model (also used in the double-embedding model and the differential
scheme) is meant here that the external stress field of each microcrack does not depend on the adjacent cracks,
and is approximately equal to the far-field stress.
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X2
rigid

wedge

(a) (b)

Fig. AI. (a) Mode-I crack loaded by a pair of concentrated forces. (b) Mode-I crack under the
action of a semi-infinite rigid wedge.

(a) (b)

Fig. A2. Crack configurations used for the computation of elastic compliances in (A.13).

Wo fl , - Wo [8~:lrcos2 rp - -, 72 ]!J.ljJ = - 2 Kj dl = -E _.~~-ln1-8~efl{J2cos <p(l-I) +o-;rr(l - 1) .
Eo 1 0 rr

(lUI)

Finally, after expressing ~,.tr in terms of 0-1 and 0-2 as in (A. 10), the axial inelastic strain (A.9) was obtained by
differentiating (A.lI) with respect to 0- 1, Apparently, expression (A. 10), being a physical law for ~'f!' should not
be inserted into (A. 1I ) before the differentiation.

APPENDIX 3

It is instructive to compare the F-driven and b-driven models of wing crack growth in context of resulting
strains. The comparison will be done in simplest, yet relevant for the present study, cases of crack geometry and
applied loads.

3.1.
Consider a Mode I crack loaded by a pair of concentrated forces shown in Fig. A.I a. Consider next a Mode

I crack whose faces are pushed away by a very long, thin rigid wedge, Fig. A.I b, so that the interaction between
crack tips is negligible. The force-loaded crack in Fig. A.Ia has the total length 21. The displacement-loaded crack
in Fig. A.I b consists of two cracks, each having the total length I.

Problem: assuming that K1(F) = K,(b) = K" compute the inelastic strain 8:' in each configuration under plane
strain conditions. The solution to this problem is exact and follows from the Westergaard stress functions given,
for example, in Tada et al. (pp. 5.9, 3.11):

(A..I2)

Evidently, 8~ (F) = 'v/28~ (b).

3.2.
Consider now the crack configurations shown in Fig. A.2a,b. Assume no interaction between the two cracks

in Fig. A.2b.
Problem: compute M 22 component (Voigt notation) of the instantaneous compliance tensor M for the plates

(representative surface elements) depicted in Fig. A.2a and Fig. A.2b. From (4), we have

(1.2) '1" (I 2)
M'!!; = 2~!'.-21·- 2rrl'dl' =~rrI2.

H AoEo,;o AoEo

It can be seen that M!,"J is twice as much as M~J.

(A. 13)
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Krajcinovic et al. (1991) employed the essential structure of inelastic constitutive relations (Rice, 1971, 1975)
to develop a micromechanically based, phenomenological damage theory for brittle materials. The main results of
their paper, comprising the conditions under which a damage potential exists and the identification of microfluxes,
macrofluxes and conjugated thermodynamic forces, are correct. However, the specific application of the theory
to a compression stress field (with the sliding crack model as the underlying micromechanism) is incorrect and
should be fixed as suggested below.

If the energy losses on frictional sliding are neglected, as was assumed in Krajcinovic el al. (1991), the only
source of energy dissipation is the growth of the wing cracks. Therefore, for a single crack in the unit cell, eqn
(17) in Krajcinovic el al. (1991), written here in the original notation, should have the simple form

(A.l4)

where Stkl is the secant compliance attributable to the presence of a crack. The fictitious stresses a;; can be
determined if the expressions for the stress intensity factors are available. Since the wings were assumed straight
and collinear with the principal compressive macrostress a" the expressions (23), (24) can be used. As was already
discussed in Appendix 2, for vertical, straight wings growing from N isotropically distributed initial cracks, the
only non-zero inelastic macrostrain component is E!,. Consequently, the lensile fictitious stress as and the lateral
compliance S!, are of interest while all other components of S* remain virtuall,Y..-unchanged. Upon requirement
that K" given for long wings by (23) in the present paper, equals K, = aSvlnl, the fictitious stresses (IS) in
Krajcinovic el al. (1991), are obtained to be

a'; = 0,

The damage surface (expressions (19) and (25) in Krajcinovlc el al. (1991)) can be then represented as

Q(Q,H) = Q,-Qo(H) = 0,

while its initial position is described by

(A.15)

(A.16)

(A.17)

In (A.16) and (A. 17) Q = (1/2)(a" <8> a"), q = S. The subscripts oc and uc refer, in this case, to the onset of wing
propagation and to the apex of stress-strain curve, respectively. Hence, in the uniaxial compression
(a, = -([ < 0, ([, = 0), the axial and lateral strains given by (27) in Krajcinovic el al. (1991) take now the following
form

(A.IS)

where q, is to be derived from the normality property. From (A.IS), it is clear that this model cannot account for
the inelastic axial strains. Consequently, this is not an appropriate model for the inelastic behaviour of plain
concrete, because the axial and lateral inelastic strains in concrete specimens loaded in compression are of the
same order (cf. Fig. 4 in Krajcinovic el al., 1991). Alternative deformational mechanisms such as the pore collapse
model (Wang and Kemeny, 1993), typical of brittle materials with substantial porosity, should rather be used for
concrete.

Finally, in the context of this Appendix and Section 2.1, it seems appropriate to comment that if friction is
to be accounted for in a phenomenological constitutive model of a damaged elastic-brittle solid, the macroflux
and the conjugated macroaffinity cannot be selected as dq = dS and Q = (I/2)(a <8> a).


